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Appendix 1: Overview of TMLE, greedy CTMLE, and scalable CTMLE 

Here we provide a brief overview of targeted maximum likelihood estimation (TMLE), the initial 

implementation of collaborative targeted maximum likelihood estimation (CTMLE), and the scalable 

version of CTMLE discussed in the manuscript.  

For the discussion below, we will use the following notation: 

 𝑌1:    the potential outcome under the exposed condition 

 𝑌0:    the potential outcome under the unexposed condition 

 𝐴:    a binary exposure 

 𝑌:    the observed outcome (corresponds with either 𝑌1 or 𝑌0 depending on whether the 

 individual received exposure or remained unexposed). 

 𝑋:    a set of observed covariates 

 𝐸[𝑌|𝐴, 𝑋]:   the expected value of 𝑌 given 𝐴 and 𝑋 (the outcome model) 

   𝐸[𝐴|𝑋]:   the expected value of 𝐴 given 𝑋 (the propensity score) 

  𝐸[𝑌|𝐴, 𝑋]𝑛:   the estimated outcome model  

𝐸[𝐴| 𝑋]𝑛:   the estimated propensity score 

Overview of TMLE 

TMLE is a doubly robust substitution estimation method for a causal parameter (e.g., risk difference, risk 

ratio, odds ratio). TMLE consists of the following steps, which are discussed in detail elsewhere (van der 

Laan & Rubin, 2006; Gruber & van der Laan, 2009; Pang et al., 2016): 

1. Fit initial models for 𝐸[𝑌|𝐴, 𝑋] (the outcome model) and 𝐸[𝐴|𝑋] (the propensity score), which

we will denote as 𝐸[𝑌|𝐴, 𝑋]𝑛 and 𝐸[𝐴| 𝑋]𝑛.

2. Use the estimated propensity score to fluctuate, or target, 𝐸[𝑌|𝐴, 𝑋]𝑛 in order to obtain an

updated estimate for 𝐸[𝑌|𝐴, 𝑋] which we will denote as 𝐸[𝑌|𝐴, 𝑋]𝑛
∗ .

 This targeting step is carried out by regressing the outcome variable, 𝑌, on a function of

the estimated propensity score, ℎ(𝐸[𝐴| 𝑋]𝑛), while using the logit of the predicted

values from the initial estimate for the outcome model ( i.e., logit(𝐸[𝑌|𝐴, 𝑋]𝑛)), as the

offset (for details on the function ℎ(𝐸[𝐴| 𝑋]𝑛), we refer the reader to van der Laan &

Rubin, 2006). This regression produces a coefficient, which we will denote as 𝜀. This

coefficient along with ℎ(𝐸[𝐴| 𝑋]𝑛) is referred to as the “clever covariate” and is used

for updating, or fluctuating, 𝐸[𝑌|𝐴, 𝑋]𝑛. The model for this updated estimate is

expressed as:

logit(𝐸[𝑌|𝐴, 𝑋]𝑛
∗ ) = logit(𝐸[𝑌|𝐴, 𝑋]𝑛) + 𝜀ℎ(𝐸[𝐴| 𝑋]𝑛)    [1] 

3. For each individual in the study population, use the fitted model for 𝐸[𝑌|𝐴, 𝑋]𝑛
∗  to obtain

predicted values for the outcome under the exposed and unexposed condition (i.e., predicted

values for the potential outcomes 𝑌1 and 𝑌0).
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4. Use the predicted values for the potential responses from step 3 to obtain an estimate of the

causal parameter of interest. For example, if the risk difference is the parameter of interest then

the TMLE estimate would be equivalent to the expression:

1

𝑛
 ∑ (𝐸[𝑌|1, 𝑋]𝑛

∗ − 𝐸[𝑌|0, 𝑋]𝑛
∗ )𝑛

𝑖=1    [2] 

It is important to emphasize that the causal parameter that is estimated in step 4 needs to be defined 

prior to implementing step 2. This is because the targeting that occurs in step 2 is tailored for a specific 

causal parameter. More specifically, the function ℎ(𝐸[𝐴| 𝑋]𝑛) depends on the influence curve for the 

parameter of interest (Gruber & van der Laan, 2009).  If two causal parameters are of interest (e.g., risk 

difference and risk ratio), then steps 2 through 4 would have to be repeated since the targeting that 

occurs in step 2 for the risk ratio could be different than the targeting that occurs for the risk difference. 

The same argument applies when targeting a population of interest. For example, the targeting step 

that occurs when estimating the average treatment effect in the population (ATE) is not necessarily 

equivalent to the targeting step when estimating the average treatment effect in the treated (ATT). 

TMLE has a number of desirable properties. First, TMLE estimators are doubly robust in that TMLE will 

produce unbiased estimates if either 𝐸[𝑌|𝐴, 𝑋] or 𝐸[𝐴|𝑋] is consistently estimated. TMLE estimators are 

also asymptotically efficient when both 𝐸[𝑌|𝐴, 𝑋] and 𝐸[𝐴|𝑋] are consistently estimated. 

Overview of the original (greedy) CTMLE algorithm 

CTMLE extends TMLE by estimating the PS in a collaborative manner with the outcome. In other words, 

when fitting a PS model, the CTMLE algorithm considers a variable’s relationship with treatment in 

collaboration with the variable’s association with the outcome.  

The original implementation of CTMLE (greedy CTMLE) uses an iterative forward selection process to 

construct a series of propensity score models and corresponding candidate TMLE estimators. Each 

successive propensity score model that is used in the construction of a given TMLE estimator controls 

for one additional variable. The CTMLE algorithm then uses cross validation to select the TMLE estimator 

that minimizes a specified loss function for the outcome (e.g., the cross-validated prediction error for 

the outcome, negative likelihood, etc.).  

The objective of CTMLE is to improve a bias/variance tradeoff for the target parameter by identifying 

the TMLE estimator that only adjusts for the subset of variables that are necessary to control for 

confounding without over inflating the variance of the estimate. This is achieved by considering many 

candidate propensity score models and corresponding TMLE estimators, instead of just a single fitted 

propensity score and corresponding TMLE estimator. A detailed discussion on CTMLE is provided by van 

der Laan & Gruber, 2010. The basic structure of the CTMLE algorithm consists of the following steps 

which are outlined below: 



Let the variables 𝑖, 𝑗, and 𝑘 represent the following: 

𝑖: a flag variable that takes on a value of 0 or 1, indicating whether the “clever covariate” needs 

to be updated 

𝑗: an integer representing the current iteration (𝑗 = 1, … , 𝑘) 

𝑘: the total number of variables in the dataset  

1. Fit an initial outcome model for 𝐸[𝑌|𝐴, 𝑋], denoted 𝐸[𝑌|𝐴, 𝑋]𝑛.

2. Set 𝑖 = 0 and 𝑗 = 1. If no candidate TMLE estimators have been constructed (i.e., this is the first

iteration or equivalently 𝑗 = 1) then proceed to step 2a, otherwise proceed to step 2b.

a. Construct 𝑘 propensity score models, where each propensity score model includes one of

the 𝑘 variables in the dataset.

b. Construct 𝑘 − 𝑗 − 1 propensity score models. Each propensity score model includes the set

of variables from the previously constructed propensity score that corresponds to candidate

TMLE estimator number 𝑗 − 1 (candidate TMLE estimator from the previous iteration), and

one of the remaining 𝑘 − 𝑗 − 1 variables in the dataset (note: a total of 𝑗 variables are

included in each fitted propensity score model).

3. For each of the propensity score models constructed in step 2, construct the corresponding TMLE

estimator (see discussion on TMLE above).

4. Evaluate the empirical fit for each of the 𝑘 − 𝑗 − 1 TMLE estimators constructed in step 3 and

identify the estimator that best fits the data (i.e., minimizes a specified loss function for the

outcome). The next step depends on which of the following conditions is satisfied.

a. If 𝑗 = 1 (i.e., first iteration) then select this estimator as the first candidate TMLE estimator

and evaluate the following 2 conditions.

i. If the empirical fit of the selected TMLE estimator reduces the chosen loss function

relative to the initial outcome model in step 1, then proceed to step 5.

ii. If the empirical fit of the selected TMLE estimator does not reduce the chosen loss

function relative to the initial outcome model in step 1, then use the selected TMLE

estimator to update the “clever covariate” (see discussion on TMLE above) and

proceed to step 5. (note: the updated clever covariate and selected TMLE estimator

will be used when constructing the TMLE estimators in the next iteration).

b. If 𝑗 > 1 then evaluate the following conditions

i. If 𝑖 = 0 and the selected TMLE estimator reduces the specified loss function relative

to the candidate TMLE estimator from the previous iteration (i.e., iteration 𝑗 − 1),

then select this TMLE estimator as the next candidate estimator (candidate

estimator number 𝑗) and proceed to step 5.

ii. If 𝑖 = 1, then select this TMLE estimator as the next candidate estimator (candidate

estimator number 𝑗) and proceed to step 5.

iii. If 𝑖 = 0 and none of the constructed TMLE estimators from step 3 reduce the loss

function relative to the candidate TMLE estimator from the previous iteration (i.e.,

candidate estimator number 𝑗 − 1), then set 𝑖 = 1 and return to step 3, but now



use the candidate TMLE model from the previous iteration (i.e., candidate estimator 

𝑗 − 1) to update the “clever covariate” and construct the TMLE estimators. 

5. If 𝑗 < 𝑘, then set 𝑗 =  𝑗 + 1, set 𝑖 = 0, and return to step 2b. Otherwise, proceed to step 6.

6. Steps 1 through 5 result in the construction of 𝑘 candidate TMLE estimators along with an estimator

produced from the initial outcome model from step 1. To select among these candidate estimators,

repeat this estimation process using 𝑣-fold cross-validation to choose the estimator that minimizes

the cross-validated loss function (e.g., prediction error for the outcome, negative likelihood, etc.).

To fix ideas, it is helpful to illustrate the basic outline of the CTMLE algorithm through a simple example. 

Suppose our dataset consists of a binary exposure, 𝐴, an outcome, 𝑌, and three baseline variables, 𝑋 =

{𝑋1, 𝑋2, 𝑋3}. The CTMLE algorithm will proceed as follows: 

 Fit an initial outcome model. This outcome model could include any combination of the baseline

variables.

 Construct three propensity score models: 𝐸[𝐴|𝑋1]𝑛, 𝐸[𝐴|𝑋2]𝑛, and 𝐸[𝐴|𝑋3]𝑛

 Use the fitted propensity score models to update the fit of the initial outcome model to produce

three corresponding TMLE estimators which we will denote as 𝑇𝑀𝐿𝐸𝑥1 , 𝑇𝑀𝐿𝐸𝑥2 , and 𝑇𝑀𝐿𝐸𝑥3

 Evaluate the empirical fit for each of the TMLE estimators through a user-specified loss function.

For illustrative purposes suppose the selected loss function is the negative likelihood and that

𝑇𝑀𝐿𝐸𝑥3 minimizes the negative likelihood relative to the other two TMLE estimators. TMLEx3 is

then selected as candidate estimator number 1.

 Now construct two propensity score models 𝐸[𝐴|𝑋3, 𝑋1 ]𝑛 and 𝐸[𝐴|𝑋3, 𝑋2 ]𝑛, along with the

corresponding TMLE estimators which we will denote as 𝑇𝑀𝐿𝐸𝑥3,𝑥1 and 𝑇𝑀𝐿𝐸𝑥3,𝑥2.

 Evaluate the empirical fit for 𝑇𝑀𝐿𝐸𝑥3,𝑥1 and 𝑇𝑀𝐿𝐸𝑥3,𝑥2. For illustrative purposes, suppose that

neither 𝑇𝑀𝐿𝐸𝑥3,𝑥1 or 𝑇𝑀𝐿𝐸𝑥3,𝑥2 reduce the loss function compared to the previous selected

candidate estimator (𝑇𝑀𝐿𝐸𝑥3). In this case, 𝑇𝑀𝐿𝐸𝑥3 is used to update the clever covariate. The

fitted propensity score models, 𝐸[𝐴|𝑋3, 𝑋1 ]𝑛 and 𝐸[𝐴|𝑋3, 𝑋2 ]𝑛, are then used in collaboration

with 𝑇𝑀𝐿𝐸𝑥3  to construct updated versions of 𝑇𝑀𝐿𝐸𝑥3,𝑥1 and 𝑇𝑀𝐿𝐸𝑥3,𝑥2 which we will denote as

𝑇𝑀𝐿𝐸𝑥3,𝑥1
𝑈  and 𝑇𝑀𝐿𝐸𝑥3,𝑥2

𝑈

 The empirical fit for 𝑇𝑀𝐿𝐸𝑥3,𝑥1
𝑈  and 𝑇𝑀𝐿𝐸𝑥3,𝑥2

𝑈  is evaluated and the estimator that results in the 

greatest reduction in the loss function is selected as candidate estimator number 2. For 

illustrative purposes, suppose 𝑇𝑀𝐿𝐸𝑥3,𝑥1
𝑈  is selected. 

 Now fit a single propensity score model, 𝐸[𝐴|𝑋3, 𝑋1, 𝑋2 ]𝑛, and corresponding TMLE estimator

𝑇𝑀𝐿𝐸𝑥3,𝑥1,𝑥2.

 Evaluate the empirical fit of 𝑇𝑀𝐿𝐸𝑥3,𝑥1,𝑥2. Suppose 𝑇𝑀𝐿𝐸𝑥3,𝑥1,𝑥2 reduces the negative likelihood

relative to 𝑇𝑀𝐿𝐸𝑥3,𝑥1 . Then 𝑇𝑀𝐿𝐸𝑥3,𝑥1,𝑥2 is selected as the third candidate estimator.

 There are now three candidate TMLE estimators along with the estimator from the initial

outcome model. The above process is repeated using cross validation to select the estimator

that minimizes the cross-validated loss function.

In addition to retaining all of the properties from TMLE, CTMLE has a number of additional advantages. 

First, CTMLE has a property that has been termed “collaborative double robustness” meaning that the 



fitted propensity score model only needs to adjust for the residual bias that remains after partial 

adjustment from the initial fitted outcome model (van der Laan & Gruber, 2010; Gruber, 2010). In other 

words, it is not necessary for the propensity score or outcome model to fully adjust for confounding by 

themselves. A consistent estimator can be attained through a collaborative effort of the two, even if 

neither model by itself is sufficient to produce a consistent estimator. This property makes the CTMLE 

more robust to model misspecification. Second, since the CTMLE algorithm is able to exclude variables 

that do not improve confounding control but may increase variability, the CTMLE is more robust in 

settings involving small samples and rare covariates.  

Overview of the scalable CTMLE algorithm 

The original implementation of the CMTLE algorithm (greedy CTMLE) is very computationally intensive 

and not scalable to large healthcare databases. As outlined above, when constructing each successive 

candidate estimator, the CTMLE algorithm searches through each of the variables in the dataset that 

were not selected in the previous iteration. With healthcare databases containing thousands of variables 

that are potentially available for adjustment, this iterative process is not computationally practical.  

To make the CTMLE algorithm scalable to large data, the portion of the algorithm that requires 

iteratively searching through each variable can be modified. This is done by requiring the algorithm to 

select covariates in a predefined order that is specified by the user. The modified algorithm then 

constructs propensity score models, and corresponding candidate TMLE estimators, according to the 

predefined order.  

The modified algorithm still produces a total of 𝑘 candidate TMLE estimators. However, each iteration of 

the scalable version of the CTMLE algorithm only requires a single propensity score model and 

corresponding TMLE estimator to be constructed, rather than multiple propensity score models and 

corresponding TMLE estimators. The steps for the modified algorithm that include a preordering for the 

variables are outlined below and a detailed discussion on the modified CTMLE is provided by Ju et al. 

(2016): 

1. Fit an initial outcome model for 𝐸[𝑌|𝐴, 𝑋]. 

2. Preorder the variables in the dataset based on some user-specified ordering.  

3. Set 𝑖 = 0 and 𝑗 = 1 

4. Construct a single propensity score model that includes the first 𝑗 ordered variables in the dataset.  

5. Construct the corresponding TMLE estimator (see discussion on TMLE above). 

6. Evaluate the empirical fit for the TMLE estimator from step 5. 

a. If 𝑗 = 1 (i.e., first iteration) then select this estimator as the first candidate TMLE estimator 

and assess which of the following two conditions are satisfied.  

i. If the empirical fit of the TMLE estimator reduces the chosen loss function relative 

to the fitted initial outcome model in step 1, then proceed to step 7.  

ii. If the empirical fit of the TMLE estimator does not reduce the chosen loss function 

relative to the fitted initial outcome model in step 1, then use this TMLE estimator 

to update the “clever covariate” (see discussion on TMLE above) and proceed to 



step 7. (note: the updated clever covariate along with the candidate TMLE estimator 

will be used for constructing the next TMLE estimator in step 5). 

b. If 𝑗 > 1 then evaluate the following conditions

i. If 𝑖 = 0 and the TMLE estimator reduces the specified loss function relative to the

candidate TMLE estimator from the previous iteration (i.e., iteration 𝑗 − 1), then

select this TMLE estimator as the next candidate estimator (candidate estimator

number 𝑗) and proceed to step 7.

ii. If 𝑖 = 1, then select this TMLE estimator as the next candidate estimator (candidate

estimator number 𝑗) and proceed to step 7.

iii. If 𝑖 = 0 and the current TMLE estimator does not reduce the loss function relative

to the candidate estimator from the previous iteration (i.e., candidate estimator

number 𝑗 − 1), then set 𝑖 = 1 and return to step 5 using the candidate TMLE model

from the previous iteration (i.e., candidate estimator 𝑗 − 1) in the construction of

the updated “clever covariate” and TMLE estimator.

7. If 𝑗 < 𝑘 then set 𝑗 =  𝑗 + 1, set 𝑖 = 0, and return to step 4. Otherwise, proceed to step 8.

8. Steps 1 through 7 result in the construction of 𝑘 candidate TMLE estimators in addition to the

estimator produced from the initial outcome model from step 1. To select among these candidate

estimators, repeat this estimation process using 𝑣-fold cross-validation to choose the estimator that

minimizes the cross-validated loss function (e.g., prediction error for the outcome, negative

likelihood).

To reduce computation time even further, the above algorithm can be modified to include an early 

stopping rule. This early stopping rule is defined by an argument called “patience”, which is an integer 

that is specified by the user and is applied in step 8 of the above algorithm. If the cross-validated loss 

function does not improve after considering a certain number of candidate TMLE estimators (number is 

specified in the patience setting) then the modified algorithm will stop and will not consider any of the 

remaining variables in the covariate set. For example, if the patience parameter is set at 10, the 

modified CTMLE algorithm will stop constructing TMLE estimates if the cross validated prediction error 

for the outcome does not improve after 10 additional variables are considered. 

It is important to emphasize that as long as there is no early stopping, the scalable CTMLE has the same 

asymptotic behavior as greedy CTMLE (Ju, et al. 2016). However, the scalable CTMLE can have weaker 

finite sample performance if the pre-ordering strategy is not properly designed. In other words, the 

scalable CTMLE can be very sensitive to the preordering of variables in finite samples. If variables that 

are not important confounders appear early in the list (e.g., instrumental variables), the modified CTMLE 

may not perform optimally.  
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